Chapter 6

Diffusion-based generative models

As in Chapter 5, the goal here is to construct a generative method to “sample approximately” from an
unknown distribution p* (x)dx from which we have observed an i.i.d. n-sample Xj,..., X,.

We will present a family of methods often referred to as “diffusion models". Their popularity have
blown up over the Summer of 2022, with the release of Stable diffusions for images, and GPT 3 for
natural language processing. Although pioneering works can be found in physics before that, the rise
of such methods can be dated back to [SSDK*20], which catch phrase is:

Creating noise from data is easy; creating data from noise is generative modeling.

The global idea is to add noise to data incrementally while learning to denoise at each step, and then
reverse the whole process (see Figure 6.1).

Forward SDE (data — noise)
dx = f(x,t)dt + g(t)dw

!

score function

dx = [f(x,t) — g*(¢ ’|§x log p: (x D dt + g(t)dw

Reverse SDE (noise — data)

o

Figure 6.1: Big picture of generative modeling (taken from [SSDK*20]).

6.1 Stochastic calculus survival kit

There are two main ways to formalize diffusion models. One uses discrete time increments [HJA20]
and requires knowledge on Markov chains only, but it does not yield a clear mathematical framework.
We opt for the other way, which uses continuous time increments [SSDK*20] and requires tools from
stochastic calculus. It will yield a quite unified functional framework to hold on to.
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This section gives a minimal overview of stochastic calculus. To make the presentation lighter, we
purposely leave all the convergence and measurability issues under the carpet. If you feel scammed,
you shall find all the necessary mathematical details in Jean-Francois Le-Gall’s book [LG16].

6.1.1 Brownian motion
What is it?

Given a measurable space (E,&) and an arbitrary index set T, a random process (indexed by T) with
values in E is a collection (X;) ;e of random variables with values in E. Said otherwise, (X;) ;e can be
seen as a random function X. : T — E. Among such processes, we will focus on those with Gaussian
marginals.

Definition 6.1 (Gaussian process). A real-valued random process is called a (centered) Gaussian pro-
cess if any finite linear combination of the variables (X;) ;e T is a (centered) Gaussian.
The distribution of a centered Gaussian process is fully determined by its covariance kernel

K(s, t):=E[XsX(], forallsteT.

The main building block of stochastic calculus is the so-called Brownian motion, which we first
present in dimension d = 1.

Definition 6.2 (Brownian motion). There exists a process (B;) ;o called Brownian motion, which is a
centered Gaussian process over T = Ry with continuous sample paths t — B, and such that any of the
following equivalent properties holds.

* By =0a.s., and forall0 < s < t, the random variable B; — B; is independent of the o -field F; :=
o (Br,1 < s) and distributed according to N (0, t — s).

* By=0a.s., and forall0 <ty < 1) <...< I, the random variables (Bi; — By;_,)j are independent
and distributed according to N (0, tj — tj_1).

e Foralls,t=0,K(s,t)=SAL.

Proof. See [LG16, Proposition 2.3] for the equivalences, and [LG16, Exercise 1.18] for Lévy’s construc-
tion. A more geometric construction on T = [0, 1] uses Donsker’s invariance principle. It is based on a
iid sequence (X;);en of centered real random variables with unit variance. Define the piecewise-linear
continuous process

[u]
Zn(w) =) Ujy(u—1i),ucl0,1],
i=1
where ¥ (v) := min{1, max{0, v}}. Then (B;)c[0,1] can be constructed as the limit in distribution of the

sequence of processes (L Zn(n t))

vn refo,1]’

O

See Figure 6.1.1 for an illustration of sample paths of (B;);. As Definition 6.2 suggests, we will
be dealing with measurability of random variables with respect to o-fields indexed by (time) z € T.
Hence, some vocabulary is in order.

Definition 6.3 (Filtration, adapted process).
* Afiltration over T c R is an increasing family (¥;) e of 0 -fields, i.e. Fs < F; forall s < t with s, te T.

e A stochastic process (X;) et is said to be adapted to a filtration (F)c7 if for all s € T, X; is F;-
measurable.



CHAPTER 6. DIFFUSION-BASED GENERATIVE MODELS 75

e
200 EVATA " \v-wv .
N“M n a_,h 1;\-»:" »N‘ m,. A" /M‘”h-"‘\aw oy e \_N,wa
1004 ’w‘i‘ A, ""‘F _'\&- :ja”;. me&?{'w w‘v h) f"’\v‘" V' l‘,\‘ vf’ M/
\ "”‘w»

4 AP (Yo oo j\} D
o Wl W) W‘. \:‘ .\'f“ %w M\,Wr' M’:Xv’:' V*."'W\\‘/ v‘\
- ; A iy 5 :\h
o W“w AT W"x .mw,ﬁwwmr‘ X Rt SR ‘w\m{ﬂy i i """‘""‘-"\'
ALY TATY Y A, ‘,‘f"r
-100 X \,».'r'\ 'W:' v/’“\:}"w m‘w "“:\
ey
St
~200 4 " ,,\f MNW'.\J“
"'\a A e,

o '
S o M A
N\J- M:‘V' \'-,N »“\wv M .f““v\“mmr._; ‘V"F \
W

—300 -

0 1 2 3 4 5
Figure 6.2: Ten trajectories of a Brownian motion.

Regularity properties of the Brownian motion

Among the many nice properties that the Brownian motion exhibits, let us point out three of the most
important ones.

* (Martingale property) The first characterization of Definition 6.2 yields that the Brownian motion is
a martingale adapted to the filtration (34“ si=0(X,r< s)) s> Since forall0<s<t,

[E[Bt|gs]:[E[Bs|gs]+[E[Bt_legs]
=Bs+E[B;— Bsl
= B,.

* (Holder smoothness) By definition, a Brownian motion has sample paths ¢ — B;(w) that are con-
tinuous for almost all w. In fact, they can be shown to be more regular. They are locally Holder
continuous with exponent 1/2 —§ for all 0 < § < 1/2, in the sense that |B; — Bs| < |t — sll/z‘5 a.s
(see [LG16, Corollary 2.11]). This essentially comes from the fact that forall t = s = 0,

E[(Bt—Bsﬂ _ E(B;—By)?
i—s) 1 t-s
_ K(t,t)+ K(s,s) —2K(s, 1)
t—s

=1

One can also show that this Hoélder exponent is optimal, in the sense that for all § > 0, (By); is a.s.
not Holder continuous with exponent 1/2 + §, even locally.

* (Quadratic variation) Samples paths of (B;); being not more than 1/2-Holder everywhere, they do
not have finite length. In fact, for all sequence of subdivisions 0 = t(;’ <tl<..< t;,’n =t of [0, ]
whose maximal spacing maxi < j<p, |j — j-1| tends to zero as n — oo, we have

Pn as
Z|Bﬂ‘_Btﬂ | —— o0
J j-1° n—oo

j=1
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We say that (B;); has infinite first variation. However, we can show that its quadratic variation is
always well defined and deterministic. More precisely, we have

Pn 2
_ 2 L |
> (Byn =By, .

s} n—o00

6.1.2 Ito stochastic integral

Since (B;); exhibits infinite first variation, it is not possible to define the integral fst(p(u)dBu of a
(smooth enough) function ¢ : R — R as a special case of the usual Stieltjes integral. For (F;); of fi-
nite first variation [LG16, Section 4.1.1], this integral is characterized by the fact that it satisfies the
fundamental theorem of calculus asserting that for all ® € € (R, R),

t
O(Fy) = O(Fs) +f ®'(F,) dF,.
s ~~—~
F/du

Equivalently, it is not straightforward to define a notion of differential d B;, which would satisfy a sim-
ilar chain rule as d®(F,) = ®'(F;)dF;.

However, we can give this integral a meaning through the fact that its quadratic variation is finite.
This will yield a tweaked fundamental theorem of calculus called It6’s formula (see Theorem 6.14).
The standard construction of this integral goes through the following elementary processes, which
play the role of simple functions in Lebesgue’s integral.

Definition 6.4 (Elementary stochastic process). A stochastic process (X;) e(q,b) 1S Said to be elementary
if there exist deterministic values a =ty < t) < ... < t, = b and random variables (X;)o<j<p-1 Such that
foralltela,b),

p
Xl = Z Xj—ll]-[tj_l,l’j)(t)-
j=1

Said otherwise, an elementary process is a piecewise constant random process. With the above
convention of notation, we have X;; = X; for all j < p. The integral against the Brownian motion is
naturally defined as the weighted increments on each of its constant pieces.

Definition 6.5 (It6 integral of an elementary process). If (X;); is an elementary process as in Defini-
tion 6.4, define

b p
f X(dB;:= ) X, (By; = By;_)).
a j=1

As a first elementary remark, let us point out that |, : dB; = By, — B, which motivates notation dB;.
In fact, the above proto-integral fulfills a few desirable properties that an actual integral should satisfy.

Proposition 6.6. Let (X;); and (Yy); be elementary processes indexed by |a, b], adapted to the natural
filtration (o (B, r < 5)) of the Brownian motion.

* (Linearity) Forall A, L€ R,

b b b
/ /lX["l‘lJYtdB[:/lf XtdB[+/.lf Y[dB[.
a a a
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* (Centering) If E[|X;|] <oo forall t € [a, b], then[E[

b
[E[f XtdBt] =0.
a

f:X,dBtH < 00, and

2
* (Square integrability and isometry) If [E[Xf] <oo forallt€la,b], thenE (ff XtdBt) <oo. If fur-
thermoreE[Y?] < oo forall t € [a, b], then
b b b
E (f XtdBt)(f YtdBt)] :f E[X; Y, dzt.
a a a
Proof. Left as an exercise. (come on, do it for real!) O

The last property asserts that the map
L2([0, T) x Q) > 4> — L*(Q)

T
(Xt)o<t<T ’—’fo X;dB;

is an isometry. At this point in the construction, this map is only defined on the subspace of L2([0, T] x
Q) generated by the adapted elementary processes. Similarly as for Lebesgue’s integral, the idea is to
extend its definition to the larger subspace .#? c L([0, T] x Q) of adapted processes approximable by
elementary processes, by continuity '.

Definition 6.7 (It6 integral against the Brownian motion). For all stochastic processes in ./(?, define
b Pn
J, xoami= Jim, L Xy, By =By )

where the limit is in L*(Q), and (¢]") is any sequence of subdivisions of |a, b] with max; It]f‘— t}‘_ll — 0.

—00
Proposition 6.8. All the properties of Proposition 6.6 are still valid when (X;); is a “nice enough"
stochastic process.

Example 6.9 ( fOT B:dB;). Let us consider the stochastic integral fOT B:dB;. This quantity makes sense,
because the stochastic process X, = B; is in #(?: it is adapted with continuous trajectories and finite
integrated second moment

T T
f E[B?]dr:f tdt=T?/2.
0 0

n

Let (tl.”) be a sequence of subdivisions of [0, T] with max; | '

— " —— 0. Write
] n—oo

Pn
(n) ._
B, .—ZiBtﬁlIL[tj_l,tj)(t)
]:

11 ots of measurability issues purposely left under the carpet here. See [LG16, Chapter 4].
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for the associated elementary process approximating (B;) ;. By definition, we have

T T
/ B.dB; = lim | BdB,
0

n—oo 0

Pn
lim Zle,'»’_l (Bt]r; - B,;l_l)

n—oo =

J
1 Pn ) ) 1 Pn )
lim < — B — B, )—— Bin — B
n—oo zj;( t tj_l) 2];1( t [j—l)

Pn

_1 2 2 ; 2
=3 Br=Bo)- Jim 5 2 By =By )

1
2 &=
1
=5 (Br-D),
where the last line uses the formula for the quadratic variation of the Brownian motion. At the end of

the day, we recognize a similar structure as for fOT F/dF; = %F% when F is €' and Fy = 0, but with an
extra additive compensator to center the process.

Example 6.10 (Distribution of fOT ftdBy). Let f:[0, T] — R be a continuous deterministic function, and
consider fOT f:dB;. By Definition 6.7, it is the limit in L? of Gaussians, so it Gaussian. Furthermore, from
Proposition 6.8, it has mean zero and variance

Var (fOTf,dBt) = fOTfEdt.

Hence, [y} f;dB, ~. (0, i} f2dr).

6.1.3 A notion of stochastic differential: It6 stochastic calculus

The above construction of Itd integral extends to more general process than the Brownian motion. We
will limit ourselves to the following class of processes.

Definition 6.11 (It6 process, stochastic differential). AnIt6 process (or stochastic integral is a stochas-
tic process (X;) s adapted to (¥;); which can be written as

t ¢
Xt = X[) +f atdt+f btdBt,
0 0
where ay, b, are continuous stochastic processes in L' and L? respectively. If so, the stochastic differen-
tial of (Xy); is defined as
dXt = atdt + btdBt.
If so, a; is called the drift and b, the diffusion term (or volatility) of (X;);.

Here, a; and b; may depend (implicitly or explicitly) of the process (X;)s<; itself. Let us empha-
size that the stochastic differential is only a shorthand notation for the equality between stochastic
integrals above. However, as we shall expect, one easily checks that if F; is a 6! process, we recover
the classical notion of differential through dF; = F;dt. This case corresponds to a zero diffusion term
b, =0.

Example 6.12. From Example 6.9, B? = t + [;| 2B;dB;. Therefore, we have dB? = dt + 2B,dB;.
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In the above example, notice the fundamental difference with the regular differential of a ¢! func-
tion which yields d(F;)? = 2F,dF,. The extra term comes from the fact that the Brownian motion has
finite quadratic variation. This property naturally transfers to Itd processes.

Proposition 6.13 (Quadratic variation of an It6 process). If (X;); is an It6 process as in Definition 6.11,
then it has finite quadratic variation

pﬂ
1 _ 2
(X)r:= r}glgo]z::l(xt]" Xt;?—l) .
Because it is a continuous non-increasing process, ((X)); has finite first variation, and d{X); = b?dt.

The quadratic variation of an It6 process appears explicitly in the aforementioned tweaked chain
rule called It0 formula.

Theorem 6.14 (Itd formula). Let (X{)o<¢<1 be an It process and @ € €21 R xR,,R) bea function of

space-time variable (x, t). Then (®(X;, t))OStsT is an Ito process with stochastic differential

1
do(X;, 1) = 0,D(X,, A1 +0,D(X;, X, + Eaidgp(xt, NA(X) ;.

Note that if dX; = a,dt + b;dB;, Itd6 formula rewrites as
dX; = (0:@(X;, 1) + ar0xP(Xy, 1))d i + (0xP(X;, 1) + b, 0% D(Xy, 1)) bydB.

Sketch of proof. Let us consider the simpler case where ®(x, t) = ®(x) is homogeneous in time. In this
case, the integral form of It6 formula writes as

t t
D(X,) =D(Xp) + f (D'(Xs)dXs+% f " (Xo)d(X)s.
0 0

To see this, come back to Definition 6.7 of the It6 integral. Given an arbitrarily fine partition of [0, ¢],
consider the telescopic sum

p
D(X,) = B(Xo) + Y. B(X;) ~ DX, )
j=1

p 1P
2
=D (Xp) +j;q>'(th_l)(th - Xy )+ EjZ:lq),l(X[;_l)(X[j - X, )%

for some values t]’.‘_1 € [tj-1,t;] given by the Taylor-Lagrange formula. Dealing with each sum sepa-
rately, we get that
p t

V(X )Xy~ Xy ) —— f '(X;)dXs

. p—00 0

j=1
by the definition of the stochastic integral, and by uniform continuity of (X;);,
L "

0] (th_l)(th - th*l) =

j=1 ! j

13
—’f q)”(Xs)CKX)&
p—oo Jo

p
2
_1q)”(th,1)(th - th,l)

which concludes the proof. O
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Remark 6.15 (Sanity check for €' processes). The It6 formula does not contradict the classical funda-
mental theorem of calculus®. Indeed, replacing X; by a €' process F,, the second term is zero because
F; has finite first variation V (F);, and hence quadratic variation equal to zero. Indeed, from Hélder
inequality,

p
(Fy; = lim, -ZI(F” —Fy )
]:

Pn
< lim max |F;; - Fy; )| > |Ft; = Fr; )l
j=1

nﬂOOISjSp

[ —
—V(F);

< lim max ||F'llooltj — tj—1|V(F);
nﬁoolSjSp

=0.

Exercise 6.16. Revisit the proof of Example 6.9 using Ito formula.

6.1.4 Multi-dimensional stochastic calculus

All the above can be generalized to random processes with values in R%. Everything is then defined
component-wise. That is, the Brownian motion (B;) ;> is a Gaussian process with independent co-
ordinates being real-valued Brownian motions. The integral and stochastic differential are defined
accordingly. Finally, It6’s formula writes as follows.

Theorem 6.17 (Multidimensional It6 formula). Let (X;)o<s<T be an It process in R% and ® € €% (R4 x
R,,RP) be a function of space-time variable (x,t). Then (DX, t))og - Is an Ito process in R with
stochastic differential

d
dd(Xy, 1) =0, D (X, A+ ) 0., DXy, NAX; +
k=1

N =

d
)y Oik,M@(Xt, pd(x® x©0y,
k,0=1
where X; = (X;",..., X;), and (U, V) = im—co Ej Wy = Uy )Wy =Vip ).

Exercise 6.18 (Product rule and value of fOT ftdB;). Use the Theorem 6.17 to prove that if (X;); and
(Yy); are It6 processes that are either 1) driven by independent Brownians and one is centered, or 2) one
has bounded variation, then

t t
XIY[=X0Y0+f Xdes+f Y, dX;.
0 0

Iff:10,T) — R isa¢" processs, show thathT fidB; = frBr — fOT B.df;. Compare with Example 6.10.

6.2 Diffusion from a distribution and back

6.2.1 Ornstein—-Uhlenbeck process

Now equipped with a notion of stochastic differential, one may wonder how to solve stochastic differ-
ential equations. Historically, one of the most central one in diffusion-based generative models is the
following.

2Fortunately, these lecture notes are not completely nonsense.
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Definition 6.19 (Ornstein-Uhlenbeck process). An Ornstein-Uhlenbeck process with parameters A, o >
0 starting at x € R? driven by a d-dimensional Brownian motion is a stochastic process on T = R,
satisfying®

dXt = —A,Xtdt+ \/EO'dBt,
Xo = x.

To try and solve such a stochastic differential equation (SDE), note that its integral form
t
thx—/ ;‘,Xtdt+\/§UBt,
0
yields that the mean m(t) := E[X;] of X, satisfies m’'(#) = —Am(¢t) with m(0) = x, so that m(z) = e Mx.
Hence, let us introduce the renormalized process Y; := e} X;. By applying Itd formula (Theorem 6.14)

to d(x, t) := e x, we get

1
dY, =0,®(X;, t)dt +0,D(X,, ) dX, + = 0% D(X,, H)(V20)2dt
2 »

=AY, =elt =0
= (AY; - 1M X,)dt + eMV20dB,
=v20e ' dB,.

This means that Y; = Y + fot V2o e dB;, or equivalently,
t
X;=xe M +f V20e*s04B;.
0
If x is deterministic, we obtain that (see Example 6.10)

o2
X~ N (xe™ M, —

! (1-e2M0)).

As a result, X; 1=y (0,02/2) in distribution. See Figure 6.3 for an illustration. All this derivation
easily generalizes to parameters A = 1; and o = 0, depending on time.

Proposition 6.20 (Generalized Ornstein-Uhlenbeck process). The generalized Ornstein-Uhlenbeck
equation

dX[ = —A,IX)jd['F \/EcrtdBt,
Xo =X.

admits for unique solution
t
X, =xe M +f V20 ets~HidBg,
0

where ;== fot/lsds.

Proof. Left as an exercise. O

3The choice of normalization v/2¢ instead of o will become clear below in an equivalent analytical formalism, see Proposi-
tion 6.23.
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Figure 6.3: Ten trajectories of an homogeneous Ornstein-Uhlenbeck (Definition 6.19) starting from
Xo =2 with A =5 and o = 1/2, all stopped at time T =5 (left). Histogram of X7 on N = 5000 draws
compared to the limiting normal (right).

If now Xp has a non-deterministic distribution, we obtain the distribution of X; straightforwardly.

Proposition 6.21. If Xy ~ po(x)dx and (X;) =0 is given by the generalized Ornstein-Ulhenbeck process
of Proposition 6.20, then X; ~ p;(x)dx has the distribution of

Xoe M +2

t
f 2P Hih g s) 7z
0

where Z ~ ./ (0,1) is independent from Xy.

See Figure 6.4 for an illustration of Proposition 6.21. From there, the core idea of diffusion genera-
tive models can be summarized as follows. Starting from an unknown sample distribution Xy ~ pgata
and gradually adding noise to Xj (i.e. letting an Ornstein-Uhlenbeck process run from starting point
Xo), we converge towards a known Gaussian distribution .4 (0,02%/A) at t = co. If we know how to re-
verse this dynamics, then starting from a (easy to generate) fresh random variable with distribution
N 0,02/ 1), we will obtain a fresh sample with distribution (close t0) pqata-

Remark 6.22 (Applicability of the above theory).

* All the above generalizes to higher dimensions d > 1 (see Section 6.1.4), making this idea actually
applicable for high-dimensional data

* In practice, simulating an Ito0 process with known and computable drift a; and diffusion term b,
can be done approximately by time discretization. The simplest algorithm for this is called the Euler
scheme, used to generate the figures of this chapter. It uses the very Definition 6.7 of an It6 integral.

6.2.2 Fokker-Planck equation
Diffusion processes and PDEs

To formalize how to reverse time in stochastic differential equations properly, one has to turn towards
the theory of Partial Differential Equations (PDEs) [And82]. Given a smooth enough function f : R —
R and vector field V : R? — R%, we denote by

e Vf:=(0xf,...,0x,f) the gradient of f,
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Figure 6.4: Exemplifying Proposition 6.21 with histograms of Ornstein-Uhlenbeck processes stopped
at T = 1 starting from Xj with mixture distribution pgata = 0.8.4°(—1,1/2) +0.2.4'(-2,1/2). Diffusion
parameters are as in Figure 6.3. Histograms are computed over N = 50000 trajectories.
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e V- V:= Zizl Ox, Vi the divergenceof V,

e Af:=V-Vf=x4{_ 02 . fthe Laplacianof f.

Xk Xk

With these operators, integrations by parts write as
f fOV-V(xdx= —f (Vf(x), V(x))dx,
R4 R4
so that
f f)Agx)dx = —f (Vf(x),Vg(x))dxz/ Af(x)g(x)dx,
R4 R4 R
Proposition 6.23 (Fokker-Planck characterization of the dynamic). Let (X;); be the solution of the SDE

dX; = a,(X,)dt + V20 ,(X,)dB;,

with initial condition Xy ~ po(x)dx having a smooth density with respect to the Lebesgue measure in
RY. Then forall t = 0, X; has a density p; with respect to the Lebesgue measure, and this density satisfies
the Fokker-Planck equation

0:pr=-V-(arp:)+A(0?py).

Proof. Write ®(x,t) = ®;(x) for an arbitrary test function in c62'1([R{d x [0, T],R). Then from Theo-
rem6.17,

d d
1
AP (X) =0, @, (X)de+ 3 0 @u(X)dX + 5 3 07, (XX, X,
k=1 k,¢=1

X, Xp
=0,®,(X)dt + (VO,(X,),dX;) + 02 AD,(X,)dt,

where we used that d(B®, By, = 5. ,dt by independence of the components of the Brownian mo-
tion. This expression simplifies to

dd,(X,) = (0,D;(Xy) + (VO(Xy), ar) + 07 AD(X))dt + V20 (VO (X,),dB,).

From the centering property of Proposition 6.8, we get that [E[\/§0 {V®;(X;),dB;)] = 0. Now writing
the above expression in integral form and taking its expectation with respect to X; ~ p;(x)dx, we get

t
E[®@:(X;) — Do (Xo)] =f0 E[0,®(X;) + (VD(Xy), as) + 02 AD(X;)] ds
For the term involving the time derivative, apply Fubini and integration by parts in time to get
t t
f E[0,®s(Xy)]ds = f f 0,®(x) ps(x)dsdx
0 R4 Jo
t
- fu@d((@t(x)p‘(x) — @ (x) po(x)) _‘[0 (DS(x)atps(X)dS)dx

t
= E[®, (X)) — Do(Xo)] - fo fR (00, ps()dxds

For the gradient and Laplacian terms, use integration by parts in space to get
t t
fo E[(VOs(Xy), as) + 05AD(X,)| ds = fo fR (VO (), ag(x)) + 05 (1) A (x)) ps () dxd s

t
=f0 fRd(—V‘(ps(x)as(x))+A(ps(x)oi(x)))q)s(x)dxds.
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All in all, we have shown that for all smooth enough compactly supported @,

t
0=f0 fRd(—atps(x)—V-(ps(x)as(x))+A(ps(x)ai(x)))d)s(x)dxds,

which yields the result by duality. O

Diffusion processes and ODEs

The Fokker-Planck equation can be seen as describing the evolution of the probability density p;(x)
of the position of the particle X; under the influence of a drift force a,(X;)d¢ and random forces
V20 ,dB;. As such, it is linked with transport of the mass py through time.

Proposition 6.24. Ifo; only depends on time, the Fokker-Planck equation fordX; = a;(X,)dt+ V20,.dB;
can be recast as the non-linear transport equation

0:p:(x) =V - (v:(X) s (x))
with velocity field v,(x):=— a; +d>Vlogp;(x).

Proof. Since Vlogp = Vp/p and that A(U%p;(x)) = U%Apt(X) by space homogeneity of o, a solution
of Fokker-Planck satisfies
0:pi(x) = =V (a (x)p:(x) + A0 ps(x))
=V (—a; () p:(x) + 05V p(x))

Vp:(x)
:V.(—a,(x)p,(x)+a% pzix)

=V-((~a;(x) +0?Viog p,(x)) p:(x)).

Pt(x))

O

The above transport equation can be seen as the evolution of marginals of a deterministic ODE
with a random initialization, as the following result shows.

Proposition 6.25. If Xy ~ po(x)dx and that we consider the solution trajectories of the ordinary differ-
ential equation

dx; = —ve(xp)dt,
Xo = Xo,

then forallt =0, x; ~ p;(x)dx where p; is given by the Fokker-Planck equation of Proposition 6.23.
Proof. Writing x; ~ q;(x)dx, then for all test function ®,
fuw O (x)0¢ g (x)dx = 0, E[D(x/)]

=E[0;D(x)]
=E[(VD(xy), x1)]

- fR (VO(), 1) o (x)dx
:Ld®(x)v-(vt(x)q[(x))dx,

and hence ¢; satisfies Fokker-Planck. Since gy = po, we get the result provided that Fokker-Planck has
a unique solution. O
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<]
Po
A(t) vs time A(t) vs time

P1 P1

Figure 6.5: Taken from [ABVE23]. Two stochastic processes having the same marginal distributions.
The left one solves an ODE (Proposition 6.25) and has smooth trajectories with randomness arising
only from its initial condition xp ~ po(x)dx. The right one solves an SDE (Proposition 6.23) and has
diffusive trajectories.

This result highlights the fact that given a family of distributions (p;)o<:<7, there are lots of dif-
ferent ways to sample a process with marginals (p;)o<;<7. See Figure 6.5 for simulated examples. At
this point, we have constructed two very different continuous random processes, but with identical
marginal probability densities p;:

e (Xy)is nowhere differentiable. It satisfies a stochastic differential equation (Proposition 6.23).
* (x;)is smooth. It satisfies an ordinary differential equation (Proposition 6.25).

In fact, both points of view shall provide generative strategies, and can be cast in a unified framework
called stochastic interpolants [ABVE23]. Overall, the key ingredients for a diffusion-like generative
model to be operable are

* (Interpolation) The family of distributions (p;); connects py = pgata and pr = A(0,1);
* (Samplability) The marginals p; are easy to sample starting from Xy ~ pdata;
* (Reversibility) One can learn a way to reverse the time dynamic of (p;);.

It is now this third point that we will examine in the following section.

6.2.3 Backward process

We have seen that the Ornstein-Ulhenbeck process provides an easy way to generate random vari-
ables X7 ~ pr(x)dx = A(0, 02/1) from a seed random variable X, ~ Pdata and the resolution of a SDE
(numerically with a Euler scheme). We now want to reverse time, and try to build a backward process

(X<t~ (X7-p)t<T-

As above, let us consider the It6 process dX; = a;(X)dt+ V20 :dB; with g, homogeneous in space. Its
associated Fokker-Planck equation writes

0= _6tpt -V- (atpt) + U%Apt.
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In distribution, reversing the dynamic amounts to consider ¢ — pr_; instead of t — p;, which reverses
the sign of the time derivative and leaves the spatial ones unchanged. Therefore,

0=+40;pr-+-V- (ﬂT—tPT—t) + U%"_tAPT—t-
One can reinterpret this equation as another instance of Fokker-Planck by writing it as
0=—0;pr—t+V-(ar—pr-1) - UZT_IAPT—t
— 0= —thT_t + (V . (aT_tpT_t) _20%"7[APT—L‘) + UZT,tAPT—t-

In the middle term, we use the fact that Ap = V- (Vp) = V- (pVlogp) to get the formally equivalent
equation

0==0,pr—1—V-(Ar—ipr-1) +05_,ADT—1,

where @ (x) := —a;(x) + 202Vlog p;(x). At the end of the day, we recognize this Fokker-Planck equa-
tion as characterizing the following backward stochastic dynamic.

Theorem 6.26 (Backward stochastic dynamic). If o, only depends on time and that the solution to
dX; = a,(X,)dt + v20,dB; has density X; ~ p:(x)dx, then the solution to

d}t = (—aT_t(()?,) + 202T_tVlong_t(()?;))dt+ V207 ,dB;
Xo~ pr(x)dx

satisfies
(XD est ~ (X1-f)t=T"

This result explicitly displays the requirements to simulate the backward process:
e Sample X, from pr, (supposedly easy for large T if we chose the diffusion well)
* Run a SDE solver with

- diffusion coefficient o 7_;, which we chose;

— drift —ar—_;(x) + 202T_IV10g pr-:(x), which unfortunately depends on the unknown distribu-
tion pr—¢!

Even though the drift is unknown because it depends on the score Vlog pr—;. However, we can try and
estimate it along the way to make everything work.

6.3 Score-based generative models

Let us present a couple ways to estimate the score function (x, t) — Vlog p(x). Score matching is the
standard terminology to refer to this part. The loss used to do so is also very standard, as most works
consider the so-called Fisher divergence given by

Fisher(p | p) := fqud IVlog p(x) —Vlogﬁ(x)llzp(x)dx
= Ex~plIIVlog p(X) - Vlog p(X) 1%,

and for which the L2 structure allows for drastic simplifications when optimizing over s(x) := Vlog p(x),
see below. Indeed, at this point, Fisher(p | p) cannot be trivially estimated from sample because of the
dependence in Vlogp in the expectation.
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6.3.1 Vanilla score matching
The main trick for score matching dates back to [HDO05]. It is based on the following simple result.

Proposition 6.27 (Vanilla score trick). For all smooth density p : RY — R, there exists c = cp = 0 such
that the following holds. For all smooth s :R? — R% decaying sufficiently fast at infinity,

Ex~p [IVIog p(X) = s(X)II?] = ¢+ Ex~p [2V-s(X) + I s(X) %] .
Proof. We simply develop the left-hand side to get
Ex~p [IVlog p(X) - s(X) %]
=Ex~p [IVIog p(X) 1] - Ex~p [2¢V1og p(X), s(X)}] +Ex~p [ sCOI]

The first term does not depend on s and the last one is just as desired. The middle one can be inte-
grated by parts through

—Z/Rd(Vlogp(x),s(x))p(x)dx= —2[Rd(Vp(x),s(x))dx
:2[ p(x)V-s(x)dx,
R4

which yields the result. O

From there, one can fit a parametric set of functions (sg)gee (typically neural networks) to learn
the score Vlog p;(x) via the empirical risk minimization

0, € argmin Ex,~, [2V - sp(X7) + 59 (XD %] . (6.1)
°)

Note that an empirical version of the above expectation is indeed available to us, from simulations of
the forward process.

Remark 6.28 (But... In practice?). * Equation (6.1) needs to be solved globally for t € [0, T]. We could
discretize0 = fy <...< tp = T and fit p scores $0,)7+++» 504, in parallel. However, it appears that learn-
ing the whole function (x, t) — Vlog p;(x) globally in space and time is more efficient. This fact follows
the intuition, since closeby t; should result in closeby S0, - Therefore, practitioners tend fit one single

space-time neural net with the time-integrated loss
T
0 € argmin f W(DEx,~p, [2V+ 59X, 1) + 59X, OII7] dt,
0 0

with w being a weight function chosen by the user (typically decreasing).
* Qverall, the loss function to minimize has the form
14 n
00):= Y w(tp) Y (29 59Xy 1) + 159 Xyt 1)IP), (6.2)
j=0 i=1

where the (Xsy,)i<n,---» (Xt,,i)i<n are obtained by SDE simulations starting from data Xy, ..., X, ~ po-
Even with these simulated sample taken as granted, note that performing gradient descent on (6.2)
requires to evaluate second order gradients VgV sy (x), which is very costly.
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6.3.2 Denoising score matching

One way to avoid the general numerical limitations described in Remark 6.28 is to take advantage of

the convolutional structure of the noising process [Vin11]. Writing p * g(x) := Jpa p(y)g(x — y)dy for

the convolution of densities p, g : R — R, we can build upon the following result.

Proposition 6.29 (Denoising score trick). If X ~ p(x)dx and € ~ g(x)dx are independent, then X, :=

X + €~ (p* g)(x)dx. Furthermore, there exists ¢' = c;,, g Such that for all smooth s : R — R4,
Ex.~psg[IV10g(p * £)(Xe) = s(Xe)I?] = ¢’ +Ecx,e)~pog [IVI0g g(e) — s(Xe) ]

Proof. By properties of the convolution, pg := p * g is smooth whenever either p or g is smooth. From
Proposition 6.27 applied to X, ~ pg, we have

EX,~pg [IV10g g (Xe) = S(X)IP] = Cp g + Ex,~p, [2V - $(Xe) + (X1 ]

Furthermore, because pg(x) = fpa p(¥)g(x — y)dy, we have Vpg(x) = [pa p(y)Vg(x — y)dy. Hence, an
integration by parts in the second term of the last display yields

ZfRdV-s(x)pg(x)dxz —2fRd<Vpg(x),s(x)>dx
= —Zf f (p(YVgx—y),sx)dydx
R4 JRd

= —ZfRd fRd (Vlogg(x—y),s(x)gx—y)p(y)dydx
=Ex,0)~pog [-2(V1ogg(e), s(Xe))].
The proof is then complete by recognizing the difference of squares
E[-2(Vlogg(e), s(Xe)) + I s(Xo)I1?] = E[ VIogg(e) - s(X)I*] E[ I VIog g (e) ],
with E [ Vlog g(e)[1?] depending only on g. O

As expected, the expression given by Proposition 6.29 does not involve any derivative of the can-
didate score s, and the derivative is undertaken by the score Vlog g of the chosen noise.

To see this in action, apply Proposition 6.29 to the density p = p; associated to the Ornstein-
Ulhenbeck process X; ~ e M X, + £;. Here, the noise added at time ¢ is the Gaussian &; ~ A (0,%;)
with Z; := ‘TTZ (1 - e~2A%), This yields

g:(0) = =32 exp (~ |1 x)1/(222))

and hence Vlogg;(x) = —x/X2. The time-integrated loss minimization becomes equivalent to

T
argmin fo w(DE[IVlogg:(en) — so(X;, OI2] dr
7}

T
=argmin f w(HE [IIVloggt(et) —sple M Xy +ey, t)IIZ] dr
s Jo

p 2
=argmin f w(nE ] dr.
0

0

€ _
L,
2
t

More concisely, if we write { ~ A(0, I;x4), this leads to

dt,

T w(t 2
argmin f (2 ) E ” —-¢— Zts(;(e_’“Xo +2:6,1) H
o Jo Xj

which explains why we sometimes say that sy “learns the noise" ¢. Indeed, the rescaled fitted score

X, sy is meant to learn the (opposite of) noise ¢ from observation X;.
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